We s h o w an application of the spectral theorem in constructing approximate solutions of mixed boundary value problems for elliptic equations.
Introduction
When studying boundary value problems for solutions of an elliptic di erential equation P u= f, P being of type E ! F for some vector bundles E and F, one uses any left parametrix of P to reduce the problem to the boundary. A powerful tool for such a reduction is the Green formula for P which brings together the values of P uin a domain D and the Cauchy data t(u) o f u on the boundary of D to present u in D modulo smoothing operators.
In case P has a left fundamental solution , the Green formula reads u = P dl t(u) + P v P uin D, where P dl u 0 and P v f are the double layer and volume potentials corresponding to . If moreover is a right fundamental solution, then the potential P dl u 0 satis es the homogeneous equation P u= 0 in D, and so the Green formula provides us with a soft version of the Hodge decomposition.
However, right fundamental solutions are available only for those P which are determined, i.e., bear as many scalar equations as the number of unknown functions. For overdetermined elliptic operators P, the construction of kernels with the property that P P dl u 0 = 0 i n D, for each density u 0 , i s a signi cant problem. In complex analysis such Green formulas are known as Cauchy-Fantappi e f o r m ulas. They give rise to explicit solutions of the inhomogeneous Cauchy-Riemann system @u= f on strongly pseudoconvex manifolds or domains in C N .
Consider the iterations P N dl t(u), for N = 1 2 : : : , i n a n y function space H invariant under P dl . If is a right fundamental solution of P, then these iterations stabilise because P P dl t(u) = 0 i n D and so P N dl t(u) = P dl t(u) f o r all N. In general, since P dl is the identity operator on solutions of P u= 0 , one may conjecture that the iterations converge to a projection of H onto the subspace V 1 of H consisting of u satisfying P u= 0 i n D. W ere such the case, the equality u = V 1 u + 1 X =0 P dl P v P u (0.1) for u 2 H, w ould give us a substitute for the Hodge decomposition.
This idea goes back to the work of Romanov Rom78] who studied the iterations of the Martinelli-Bochner integral in C N , N > 1. His results were extended in a beautiful way to arbitrary overdetermined elliptic systems by Nacinovich and Shlapunov NS96] .
To handle the iterations of P dl , the idea is to present this integral as a selfadjoint operator on a Hilbert space H. While H is speci ed within the Sobolev space H p in D, p being the order of P, the Hermitian structure of H is di erent from that induced by H p . If moreover 0 P dl I, then the iterations of P dl converge, by the spectral theorem, to the projection of H onto the eigenspace of P dl corresponding to the eigenvalue 1. This eigenspace in turn coincides with the null-space of P v P in H, and hence with the null-space of P if P v is identi ed with the adjoint o f P in H.
The choice of H is actually suggested by the restriction of to the closed domain D. I f P v f meets automatically some conditions on the boundary of D, for each f 2 L 2 (D F ), these should be incorporated in the de nition of H.
To i n troduce the relevant Hermitian structure in H, w e c hoose any domain D 0 with C 1 boundary, s u c h that D D 0 , and we x an extension operator e : H ! H p (D 0 E ) with the properties that t (e(u)) = 0 on @D 0 , for each u 2 H, a n d e(P v f) = P v f, for each f 2 L 2 (D F ). In this way w e actually reduce the problem to that on a compact surrounding manifold. As but one example of e(u) This work was intended as an attempt to develop the approach of NS96] to derive approximate solutions of the generalised Zaremba problem in D. I t consists of nding a function u 2 H p (D E ) satisfying u = f in D, whosè tangential part' t(u) t a k es prescribed values on a part of @D while thè normal part' n(P u ) t a k es prescribed values on the complementary part @Dn .
Since the Dirichlet problem in D is elliptic, we m a y assume without loss of generality t h a t t(u) = 0 o n . This causes H to be a subspace of H p (D E ) whose elements satisfy t(u) = 0 o n . Moreover, G should be the Green function of the Dirichlet problem in the domain with crack D 0 n . Thus, the study of the Zaremba problem leads to the Dirichlet problem for the generalised Laplace operator in a domain with cracks. Note that both mixed boundary value problems and crack problems can be treated in the framework of any calculus on manifolds with edges of codimension 1 on the boundary. A t present, several calculi on such singular con gurations are known, namely those by Vishik and Eskin (cf. Section 24 in Esk73]), Maz'ya and Plamenevskii (cf. Chapter 8 in NP91]), Schulze Sch92], Duduchava a n d Wendland DW95], Rabinovich, Schulze and Tarkhanov RST98], etc. Either of these calculi is applicable.
The important p o i n t to note here is the function spaces used as domains for pseudodi erential operators involved. These are scales of weighted Sobolev spaces H s (D E ) parametrised by s 2 R, w h e r e s speci es the smoothness and stands for the weight. While the spaces may di er from each other in various calculi, they usually coincide with L 2 (D E ), for s = 0 . A s w eight functions, one uses the powers of the regularised distance to the set of singularities, here to the edge @ . Moreover, we m a y a l w ays specify the weight exponent in such a w ay that admissible operators of order m map H s (D E ) to H s;m ;m (D F ).
L e t u s d w ell upon the contents of the paper. Section 1 presents generalities on bounded selfadjoint operators in Hilbert spaces.
In Section 2 we indicate how these results apply to non-necessarily selfadjoint operators. The idea is to replace the equation Bu= f by B Bu= B f and shrink the domain of f to those which are orthogonal to the null-space of B .
Section 3 discusses in detail the construction of the Green function for the classical Dirichlet problem in a plane domain with a crack along a segment. We m a k e use of layer potentials to present the Green function, thus showing its asymptotics near the boundary points of the segment. This section is intended to motivate our investigation of crack problems.
In Section 4 we formulate the Dirichlet problem for the generalised Laplacian in a domain with a crack along a hypersurface with C 1 boundary. W h e n compared to general crack problems, the Dirichlet problem has the peculiarity of being formally selfadjoint. Moreover, any solution of the corresponding homogeneous problem is trivial unless it is rather singular. Hence it follows that the Dirichlet problem is uniquely solvable prov i d e d i t i s F redholm. Since the Dirichlet problem is elliptic in the usual sense on the smooth part of the boundary, i.e., away f r o m @ , the Fredholm property of this problem is equivalent to the bijectivity of an operator-valued symbol called the edge symbol. This symbol lives in the cotangent bundle to @ with the zero section removed. In fact, the edge symbol is the Dirichlet problem for a di erential operator of special form in the plane with a cut along the non-negative semiaxis. The operator is obtained from P P by freezing the coe cients at any point y 2 @ and substituting the covariable for the derivatives along the edge. It is supplied by the Dirichlet boundary conditions from both sides of the cut. Using polar coordinates in the normal plane to the edge at y, w e see that the conormal symbol of the edge symbol is ( p (P )) p (P ), the principal symbol of P being evaluated at = 0 a n d 1 = cos 'D r ; (1=r) sin 'D ' 2 = sin 'D r + ( 1 =r) c o s 'D ' 1 , 2 standing for the conormal variables. Thus, if supplied by the Dirichlet conditions at the endpoints of 0 2 ], the conormal symbol belongs to the same class of boundary value problems, now on a segment. The condition of bijectivity of the conormal symbol gives us a discrete set of \prohibited" weights , independent o f . For 6 2 , the edge symbol is a Fredholm operator in Sobolev spaces of weight over R 2 n R + . It is to be expected that the null-space of the edge symbol is trivial if 0 is large enough. By duality, i f ; 0 is large enough, then the cokernel of the edge symbol is trivial. It is now the property o f P, t and the singular con guration whether or not, given a , the edge symbol is an isomorphism for all 6 = 0 . F or the Dirichlet problem in a domain with a smooth edge, the edge symbol is known to be an isomorphism for in an interval around p (see Sections 6. In Section 6 we simplify the construction of h(u v) in case P is a di erential operator with constant coe cients in R n . I f P P has a fundamental solution of convolution type G(x) which decreases at in nity fast enough, we m a y think of G(x) as a Green function of the one-point compacti cation of R n . Moreover, we can solve the Dirichlet problem for G(x ; y), y 6 2 , with data on , t h us arriving at a Green function of R n n . Hence we h a ve a canonical choice for D 0 , namely D 0 = R n . T h i s w orks, in particular, for rst order homogeneous operators P with constant coe cients.
Section 7 provides a detailed exposition of iteration of the double layer and volume potentials. Let A be a non-negative selfadjoint bounded operator In Section 9 we derive in a similar way a n i n teresting formula for solutions of the generalised Zaremba problem in D, the Dirichlet data being given on 6 = .
Finally, Section 10 deals with some examples which concern the case where is an entire component of the boundary surface. The advantage of this situation is that we need not invoke a n y w eighted Sobolev spaces. Proof. This follows immediately from Lemma 2.2 and Theorems 1.4 and 2.3.
In the sequel we will discuss some applications of this approach to elliptic equations (cf. also Shl99]).
3 Green function The second term on the right hand side of this formula is a harmonic function in R 2 n f ag, v anishing both on and at the point at in nity. T h e third term bears the same properties, with a replaced by b. Hence, to achieve the uniqueness in our problem, we need to impose additional conditions on the behaviour of u near the boundary of . They can be formulated in terms of belonging of u to weighted Sobolev spaces near the singular points, namely u 2 H s (B n ), 0. Here, B is any disk in the plane containing , a n d H s (B n ), for s 2 Z + , is the space of all functions u 2 H s loc (B n ) with nite Further, the function u e is not uniquely determined by the data of the problem, too. Indeed, u e (x) = x 2 is harmonic on all of R 2 and vanishes on .
To specify u e we impose on u the condition that u(x) has a limit as jxj ! 1 .
Denoting this limit by c, w e see at once u e (x) c, for the limit of the integral R G(x ; ) U 1 dy 1 , a s jxj ! 1 , coincides with that of a constant m ultiple of G(x). To s h o w this, observe that the di erence G(x ; y) ; G(x) tends to 0, when jxj ! 1 , the limit being uniform in y 2 . Proof. See ibid. and Section 55 in Gakhov G77] . the density U 1 being de ned in Lemma 3.1. As explained above, this solution is the best of many other possible solutions.
Using the explicit solution of the Dirichlet problem in R 2 n , w e can construct the Green function of this domain. To t h i s e n d , x a n y point y 2 R 2 n and denote by R( y ) the unique harmonic function in R 2 n , s u c h t h a t R(x y) = G(x ; y) o n and R(x y) ! 0 a s jxj ! 1 . 4 A c r a c k problem Let X be an open set in R n and P 2 Di p (X E F) an elliptic di erential operator of order p on X, where E = X C k , F = X C l .
Having xed Hermitian metrics on E and F, denote by P 2 Di p (X F E) the formal adjoint f o r P. Then, = P P is an elliptic di erential operator of order 2p and type E ! E.
Assume that bears the uniqueness property f o r t h e C a u c hy problem in the small on X. T h e n i t h a s a t wo-sided fundamental solution G on X.
Let D be a relatively compact domain in X. W e emphasise that the boundary of D need not be smooth. Denote by S P (D) the space of all solutions of the system P u= 0 i n D.
In Section 5 we construct a special scalar product h( ) on the weighted Sobolev space H p p (D E ). This is obtained by using a fundamental solution of Let we b e g i v en a Dirichlet system fB j g p;1 j=0 of order (p ;1) on the smooth part of @D @D 0 , w i t h B j being of type E ! F j and order m j . D e n o t e b y fC j g p;1 j=0 the Dirichlet system adjoint t o fB j g with respect to the Green formula for P (cf. Tar95, 9.2.1]). As is well-known, C j is of type F ! F j and order p;1;m j . The only singularities of the coe cients of fC j g lie on the interface @ @D.
By the above, there is a Green operator G P for P whose restriction to the smooth part of @D @D 0 is G P ( F g u) = ( t(u) n (g)) y ds, where ds is the area
;1 F j C j F g for u 2 C 1 (E) a n d g 2 C 1 (F with c a constant independent o f u and g , the proof is completed by a passage to the limit in the formula for g vanishing near @ and approximating an arbitrary g 2 H p p; (D F ). Either of these calculi is applicable. The fact that p 6 2 is a consequence We n o w m a k e use of the fact that t(E(u)) = t(u) o n @D and t(E(u)) = 0 on @D 0 . Hence we deduce that the integral over @(D 0 n D) on the left hand side is equal to ;P dl u(x), for all x 2 D 0 n @D. This latter potential can in turn be expressed from the Green formula for u over the domain D, t h us implying the desired equality. Proof. This is an immediate consequence of Propositions 5.1, 5.4 and 5.6.
The case of constant coe cients
Note that we m a y use similar arguments for the case where P is a rst order elliptic homogeneous di erential operator with constant coe cients in X = R n , n 2, and D 0 is taken to be the whole X. T o this end, however, we n e e d t o correct the scalar product h( ). As = P P is a second order elliptic homogeneous di erential operator with constant c o e c i e n ts, it has a fundamental solution of convolution type G(x ; y) = G 1 x ; y jx ; yj jx; yj 2;n + G 2 (x ; y) l o g jx ; yj
where G 1 (z) i s a ( k k)-matrix of real analytic functions near the unit sphere in R n , a n d G 2 (z) i s a ( k k)-matrix of homogeneous polynomials of degree 2 ; n. In particular, G 2 (z) 0 f o r n > 2. For example, if P is the gradient operator in R n , then P P is the ;1 multiple of the Laplace operator in R n . I f P is the Cauchy-Riemann system in C N ( = R 2N ), then P P is the ; 1 4 multiple of the Laplace operator in R 2N .
These examples extend to various matrix factorisations of the Laplace operator in R n .
Let K be a compact set in R n . Denote by S (R n nK) the set of all functions u on R n n K with values in C k , s u c h that 1) u = 0 i n R n n K 2) there exists a limit lim jxj!1 u(x) = 0, for n > 2, or lim jxj!1 u(x) 2 C k , for n = 2 .
Let moreover S P (R n n K) be the closed subspace of S (R n nK) consisting of those functions S P (R n n K) which satisfy lim jxj!1 u(x) = 0 . in the complement of a closed ball B with centre x 0 and a radius R depending on P and K. The series converges absolutely and uniformly in R n nB, and the coe cients c(u x 0 ) a n d c (u x 0 ) are uniquely de ned. In fact, c(u x 0 ) = 0 , for n > 2, and c 0 (u x 0 ) = 0, for n = 2 .
Mention that the conditions at the point at in nity imposed on the elements of S (R n n K) are necessary for the well-posedness of the Dirichlet problem for in a domain with compact complement. Thus, instead of Lemma 4.2 we need the following one.
Lemma 6.1 Let n > 2 and be close to 1. F or each u 0 2 H s; 1 2 ; 1 2 ( E ),
there exists a unique function u 2 H s (R n n E)\S (R n n ) satisfying u = u 0 on .
Proof. The proof is just in the same framework as that of Lemma 4.2 because the ellipticity at the point a t i n n i t y is ful lled.
The lemma is still true for n = 2 i f w e slightly modify the formulation by requiring u 2 H s (B n E), for each ball B containing . Since the Dirichlet problem for in R n n is elliptic, the solution u can be represented by u(x) = Z ; u n(P ;1 E G(x )) + ; n(P ;1 E G(x )) ; y ds where G(x y) is what is usually called the Green function of the problem and n(P ;1 G(x )) are the limit values of n(P ;1 G(x )) on from R n n D and D, respectively. Proposition 6.2 There i s a G r een function G(x y) of the Dirichlet problem for in R n n , i.e., a two-sided fundamental solution of in R n n , such that 1) G extends to a smooth matrix-valued function away from the diagonal in (R n n @ ) (R n n @ ), the smoothness near being understood sidewise 2) G( y ) vanishes on and the di erence G( y ) ; G ( y ) behaves at the point at in nity as an element of S (R n n ), for each y 2 R n n .
Proof. In view of Lemma 6.1, this is a very particular case of Proposition 4.3.
Solving the Dirichlet problem for in R n n D instead of R n n , w e get a (P v P) P dl for every N 2 N. N o w using Theorem 7.1 we can pass to the limit for N ! 1 , thus obtaining (7.3) and (7.2).
For applications to the Cauchy problem for solutions of P u= 0 i n D with data on , w e also need the following result. To complete the proof, it su ces to observe that (I ; PP v ) PP v = P(I ; P v P) P v = P P dl P v for any 2 Z + , w h i c h establishes the formula. This problem is well-known to be ill-posed unless = @D. Using Corollary 7.2 we obtain easily approximate solutions to the problem. To this end, set P dl u 0 (x) = ; Z ; u 0 n ( ;1 (x )) y ds x 2 D :
Note that the integral on the right hand side of formula (8.2) is well-de ned because of the properties of (x ) and u 0 . It is worth pointing out that the trace of n(P u ) o n @D n is not de ned for any u 2 H p p (D E ), for the order of n P is 2p;1. To cope with this, a familiar way is to assign an operator L with a dense domain Dom L , ! H p p (D E ) t o (9.1), such that both t(u) a n d n(P u ) a r e w ell-de ned for all u 2 Dom L. If P is the gradient operator in R n , then (9.1) is just the classical Zaremba problem in D.
As the Dirichlet problem is elliptic, it is easy to reduce the mixed problem It follows that any solution to the general problem (9.1) can be written by formula (9.4).
Conversely, let the series (9.4) converge to a function u 2 H p p (D E ). Then the series (9.5) converges, too, to the functionũ = u ; P dl u 0 lying in Were the problem (9.1) rst reduced to the particular case corresponding to f = 0 and u 0 = 0 , w e w ould obtain yet another formula for approximate solutions of this problem. Example 10.2 Let P be the gradient operator in R n . T h e n ;P P is the Laplace operator in R n . Denote by G(x) the standard fundamental solution of convolution type for ;P P, i.e., ;G(x) = (1=2 ) log jxj if n = 2 (1=(2 ; n) n ) jxj 2;n if n > 2 n being the area of the unit sphere in R n . I f D 0 = R n , n 2, and is the sphere @B(0 R ) i n R n , then the re ection principle yields a Green function of the Dirichlet problem in either of the domains B(0 R ) a n d R n nB(0 R (@=@y j ) G(x ) f j dy for x 2 R n n @D, where u 2 H 1 (D) a n d f 2 L 2 (D C n ).
